The dissociation energy of molecular hydrogen is determined theoretically with a careful estimation of error bars by including nonadiabatic, relativistic, and quantum electrodynamics (QED) corrections. The relativistic and QED corrections were obtained at the adiabatic level of theory by including all contributions of the order α 2 and α 3 as well as the major (one-loop) α 4 term, where α is the fine structure constant. The computed α 0 , α 2 , α 3 , and α 4 components of the dissociation energy of the H 2 isotopomer are 36118.7978 (2) 2
Further theoretical [10] [11] [12] and experimental [13] [14] [15] work has reduced the discrepancy between theory and experiment to several hundredths of cm −1 . Very recently Liu et al. 16 described a hybrid, experimental-theoretical determination of D 0 based on several transition frequency measurements [16] [17] [18] [19] and theoretical calculations of the energy levels of the H + 2 ion. [20] [21] [22] [23] The dissociation energy D 0 = 36118.06962 cm −1 determined in this way 16 has been reported with uncertainty of ±0.00037 cm −1 -almost two orders of magnitude smaller than that of the previous most accurate determination D 0 = 36118.062 ± 0.010 cm −1 of Zhang et al. 15 The best available theoretical predictions of 36118.049 cm −1 from Kolos and Rychlewski 11 and 36118.069 cm −1 from Wolniewicz 12 are significantly less precise and have been reported without any error bar estimates. Both of these predictions involve an incomplete treatment of α 3 QED corrections 24 so it is not clear if the perfect agreement between the experiment and Wolniewicz's calculation is not fortuitous. In fact, Wolniewicz has concluded his paper 12 with the remark that the main uncertainty in his dissociation energy is due to the neglected QED effects. Specifically, he has neglected the α 3 contributions resulting from two-photon exchanges between electrons, the so called Araki-Sucher effect, 25, 26 and used a simple approximation of the Bethe logarithm 27,28 which was shown to be rather inaccurate when applied to H + 2 . 29 In this communication we present a complete calculation of the α 3 QED contribution to D 0 and give an approximate value of the next α 4 term in the fine-structure constant expansion of D 0 . We have also recomputed the nonrelativistic and α 2 relativistic parts of D 0 paying special attention to an estimation of the error bars for all evaluated contributions. We hope that this estimation will enable a more meaningful comparison of theoretical predictions with the newest experimental result. 16 
Method
For molecules with light nuclei the most convenient theoretical framework for description of molecular properties is the expansion in powers of the fine-structure constant α (in our calculations we assumed that α=1/137.0359997, cf. Ref. ? ). Specifically the molecular or atomic energy levels needed to compute D 0 can be obtained from the expansion
where E (0) is the nonrelativistic energy, i.e., an eigenvalue of the Schrödinger equation for the electrons and nuclei (with the center-of-mass motion separated out), α 2 E (2) is the expectation value of the Breit-Pauli Hamiltonian 24 with the nonrelativistic wave function (assuming the molecular center of mass at rest), α 3 E (3) is the leading QED correction [24] [25] [26] and
collects all relativistic and QED corrections proportional to α 4 30,31 (when expressed in atomic units).
Nonrelativistic energy
The nonrelativistic approximation D
0 to D 0 can be obtained variationally by minimization of the expectation value of the complete four-particle Hamiltonian with an appropriate trial function. 32, 33 To have a better error control and to generate wave functions and potentials needed in QED calculations we adopted however a step-wise approach and computed D 0 as the sum
where D BO 0 is the result of standard Born-Oppenheimer calculation, δD ad 0 is the adiabatic (diagonal Born-Oppenheimer) correction 34, 35 and δD na 0 is a (very small) nonadiabatic correction defined essentially as the difference between D
0 and the sum of D BO 0 and δD ad 0 .
The Born-Oppenheimer potential V (R) needed in the computation of D BO 0 , δD ad 0 , δD na 0 , and of the relativistic/QED corrections was represented in the following form:
where R is the internuclear distance, C 6 , . . . ,C 26 are van der Waals coefficients fixing the large R asymptotics of V (R), and f n (x) = 1 − e −x (1 + x + x 2 /2! + · · · + x n /n!) is the TangToennies damping function. 36 The asymptotic coefficients C 6 , C 8 , C 10 , C 11 , . . . ,C 26 (C 7 , 39 The linear parameters a 0 , a 1 were constrained by the relations:
required to assure the right behavior of V (R) at small distances:
E He = −2.903724377034119 and E H = −0.5 being atomic energies of helium and hydrogen (assuming infinite nuclear mass). The error of our fit is 5×10 −5 cm −1 at the bottom of the potential well and is even smaller at larger distances. The fit parameters obtained by us are listed in Table 1 Also all four figures of the nonadiabatic correction δD na 0 appear to be converged with regard to the extension of the basis set. However, the fourth and higher order effects neglected in 
Lowest-order relativistic contribution
The lowest-order, α 2 relativistic correction to the nonrelativistic energy is expressed by the expectation value of the Breit-Pauli Hamiltonian 43, 44 over the nonrelativistic wave function ψ. When the electrons and nuclei are in their singlet states and when the terms containing the proton charge radius and the so-called recoil terms, 45, 46 (of the order of (m e /m p ) n α 2 , n = 1, 2, 3) are neglected this correction is given by the sum of four terms
referred to successively as the mass-velocity, 1-electron Darwin, 2-electron Darwin, and
Breit contributions (the contact spin-spin interaction is included in the 2-electron Darwin term). In Eq. (6) p i is the momentum operator for the ith electron, r 1a is the vector pointing from nucleus a to electron 1, r 12 is the vector pointing from electron 2 to electron 1, and δ (r)
is the three-dimensional Dirac distribution. We made use of the fact that the wave function ψ employed to compute the expectation values is symmetric in the spatial electronic and nuclear coordinates. When computing the expectation values in Eq. (6) we used the adiabatic function ψ ad = χ(R)ψ el (r 1 , r 2 ; R), where ψ el (r 1 , r 2 ; R) is the electronic wave function depending parametrically on the vector R joining the nuclei and χ(R) is the solution of the radial Schrödinger equation with the potential V (R) plus the adiabatic correction to V (R). 41 With this approximation for ψ the expectation values in Eq. (6) are obtained by averaging the R dependent electronic expectation values, e.g., 2π ψ el |δ (r 1a )|ψ el ≡ D 1 (R) with the weight function given by the square of χ(R). This adiabatic procedure is justified since, as discussed in Sec. III, the neglected cross relativistic-nonadiabatic terms can be expected to be of the order of (m e /m p ) α 2 , and therefore, three orders of magnitude smaller than the relativistic correction of Eq. (6). The R dependent electronic expectation values corresponding to the four successive terms in Eq. (6) will be denoted by us as P(R), D 1 (R), D 2 (R) and B(R). These radial functions were computed by Wolniewicz 47 using the basis of Kolos and
Wolniewicz. 48 They were tabulated 47 for 55 internuclear distances ranging from R=0.2 to R=12.0 bohr in the form of functions ε k (R) related to ours by ε 1 (R) = P(R), ε 2 = B(R),
We recomputed these radial functions using extensively optimized sets of Gaussian geminals and paying special attention 49 to larger internuclear separations. We also computed the constants determining the asymptotic behavior of P(R), D 1 (R) and B(R) at large R. The first three constants (at 1/R 6 , 1/R 8 , and 1/R 10 ), fixing P(R) and D 1 (R) at large R were already
For the Breit correction B(R) we considered only the first two terms in the asymptotic expansion B(R) = W 4 R −4 +W 6 R −6 + · · · . The constants W 4 and W 6 are given by the expressions 50,51
and
where φ 0 is the product of atomic wave functions, Gaussian basis set of the sextuple-zeta quality with double augmentation, d-aug-cc-pV6Z. 52 The SCF atomic orbitals and all the necessary integrals were taken from the DALTON suite of codes. 53 The values of both coefficients were calculated using the sum-over-states technique with a code written especially for this purpose. All excited states resulting form the chosen basis set were included in the summation defining R 0 . We found that W 4 = 0.4627(7) and W 6 = 3.995 (7) atomic units. The proposed error bars were determined by observing changes of the W 4 and W 6 values obtained with d-aug-cc-pVXZ bases, X=T, Q, 5, 6, and by making a comparison with the results computed using the alternative form of Eqs. (7) and (8) For the 2-electron Darwin term we found that our values of D 2 (R), computed with a basis set of 1200 fully optimized Gaussian geminals, are slightly different than those of Wolniewicz. 47 The observed basis set convergence pattern and independent calculations of Cencek 39 suggest that our values, listed in Table 2 , are more accurate (especially at smaller values of R), and we used them to calculate D 2 (R) . We estimate that the dissociation energy contribution −α 2 D 2 (R) = −0.5932 cm −1 computed using these values has an uncertainty of 0.0001 cm −1 .
For R ≤ 5.0 bohr our values of B(R) agree very well with those of Wolniewicz and we used the latter in calculating B(R). For R > 5.0 bohr, however, the Wolniewicz's values appear to be less accurate, deviating significantly form the correct asymptotics at large R.
Therefore for R > 5.0 bohr we used the analytic fit
with parameters, b = 1.351860240, A 0 = 2.077615180, A 1 = −2.519175275, 
QED contribution
The lowest-order QED correction, α 3 E (3) , to the energy of an atomic or molecular bound state is given by: [24] [25] [26] 
where the expectation values are computed with the eigenfunction ψ of the nonrelativistic
12 ) is the distribution defined by
with θ (x) being the Heaviside step function and γ -the Euler-Macheroni constant. The so called Bethe logarithm, ln K, in Eq. (10) is defined as
where j = −p 1 /m e − p 2 /m e + p a /m p + p b /m p is the electric current operator for the system (p a and p b are proton momenta), and Ry ∞ = α 2 m e c 2 /2 = 1/2 hartree is the Rydberg constant.
The expectation values δ (r 1a ) and δ (r 12 ) are already known from the calculation of the The evaluation of Eq. (12) for the four-body system using an accurate nonadiabatic wave function ψ appears to be very demanding computationally and was not attempted. Instead we used an adiabatic approximation to ln K defined as
where D 1 (R) is the already computed electronic expectation value of 2πδ (r 1a ) and the averaging over R is carried out with the adiabatic nuclear wave function χ(R). The R dependent electronic Bethe logarithm, ln K el (R), appearing in Eq. (13), is defined exactly by Eq. (12) but with ψ replaced by the electronic wave function ψ el (r 1 , r 2 ; R), H by the electronic Hamiltonian H el , E (0) by the Born-Oppenheimer energy −2 Ry ∞ +V (R) and j by the total electronic momentum operator p 1 + p 2 . Note that after these substitutions the denominator in Eq. (12) becomes equal to 4 D 1 (R).
One can ask how well does this simple adiabatic approximation for ln K work. Table 2 , may be inaccurate only at the last figure given in this table. It may be of some interest to note that our values of ln K el (R) agree rather well with the values one can obtain using approximate models proposed by Garcia 27 and Bishop and Cheung 28 and used by Wolniewicz. 12 In fact the Garcia model works somewhat better underestimating ln K el (R) by 2% at R=1 bohr and even less for larger distances. The model of Bishop and Cheung overestimates ln K el (R) by 4% at R=1 bohr, by 2% at the minimum of the potential well, and by less than that at larger internuclear separations. Note, however, that the good performance of these models does not hold generally since they do not work so well for H + 2 . 29 We obtained a very accurate analytic fit of ln K el (R) interpolating between the atomic hydrogen, ln K H , and helium, ln K He , values and exhibiting the correct L 6 /R 6 fall off at large R. The asymptotic constant L 6 was calculated independently from appropriate perturbation theory expressions using Slater basis set. The specific form of the fit function is
The parameters of the fit are given in Table 3 . For R > 1 bohr the error of this fit is of the order of 10 −4 (at few points in the vicinity of R=3 bohr it reaches 4 × 10 −4 ) but using the fit function in evaluating the formula (13) leads to errors much smaller than 0.0001.
The value of ln K ad , found using Eq. (14) and our values of D 1 (R), amounts to 3.0188
and has uncertainty smaller than 0.0001. Using this value, we can compute the dissociation energy contribution from the first term in Eq. (10), referred to as the 1-electron Lamb shift.
This term, dominating the total α 3 contribution, is equal to −0.2241 cm −1 and we estimate its uncertainty as 0.0001 cm −1 . It is worthwhile to note that using the atomic hydrogen value of ln K, which is a natural and inexpensive approximation, one obtains −0.2277 cm −1 instead of −0.2241 cm −1 , i.e., a value which is not sufficiently accurate for our purpose. (15) were obtained from the formula
where:
and:
The function g(x) appearing in Eq. (16) is defined as an integral involving the usual Boys
To compute g(x) we used the following expansions
used, respectively, for small and medium, and for large values of the argument x. To independently verify our calculations we computed ψ el |P r Gaussian basis set are given in Table 2 . We estimate that their accuracy is better than one unit in the last digit shown in the Table. The integral ψ el |P r −3
12 ψ el exhibits a slow R −3 decay at large R. To compute it for values of R larger than 12.0 bohr we used its asymptotic expansion
Using the values given in Table 2 and the asymptotic formula (23) Calculation of the complete α 4 contribution to the dissociation energy is a very complex task 30, 31 and could not be carried out for the purpose of this investigation. It is well known, 31 however, that this α 4 contribution is dominated by the one-loop term given by
The corresponding correction to the dissociation energy is −0.0016 cm −1 and we estimate that it differs from the exact value of the complete α 4 E (4) contribution by less than 50% .
We also verified that the α 4 , α 5 , and higher-order QED corrections due to retardation and taken into account by the Casimir-Polder formula ? are smaller than 0.0001 cm −1 , i.e., are well within the error bars assumed for the complete α 4 E (4) contribution.
Results and discussion
Dissociation energies for the H 2 and D 2 molecules are presented in Table 4 together with all components computed by us. The experimental dissociation energies shown for comparison are already corrected for the effects of hyperfine interactions, i.e., the true energies of atoms into which the molecule dissociate are replaced by the center of gravity of the hyperfine structure of the 1 2 S 1/2 atomic states. This means that in the case of H 2 we must not add the 2×0.0355 cm −1 correction corresponding to the difference between this center of gravity and the F = 0 hyperfine level of hydrogen atom.
The error bars of all computed components were discussed in Sec. II. Here we still have to estimate the relativistic nonadiabatic/recoil corrections that have not been computed.
Within the perturbation formalism of Ref. 41 the leading nonadiabatic contribution to each of the four terms in Eq. (6) is given by the expression
where W stands for p 4 1 /4, 2πδ (r 1a ), πδ (r 12 ) or for the Breit operator,
H el is the electronic Hamiltonian, E el is the eigenvalue of H el corresponding to the wave function ψ el , R is the vector joining the nuclei, and the prime indicates the orthogonalization to ψ el . The term involving (p 1 + p 2 ) 2 can be obtained by averaging the R dependent function
with 4πR 2 χ 2 (R). The bracket · · · el denotes the integration over electronic coordinates only. Since the integral in Eq. (27) is mass independent the corresponding contribution to the energy is clearly of the order of α 2 m e /m p . The term involving ∇ 2 R can also be written in terms of mass independent radial functions. To see that we note that this term can be expressed as the sum of two terms
The first one is explicitly in the form of an average of a mass independent radial function and is clearly of the order of α 2 m e /m p . Performing integration by parts the mass dependent gradient of χ in the second term can be eliminated and this term can be written as an average of the radial function
|∇ R ψ el el (29) proportional to 1/m p . This term is thus also of the order of α 2 m e /m p .
Since, all relativistic nonadiabatic/recoil terms are of the order of α 2 m e /m p we decided to estimate their magnitude by scaling the total α 2 correction by the factor m e /m p . We view this estimate as a conservative one since for separated hydrogen atoms the α 2 m e /m p contributions to the mass-velocity, Darwin, and Breit terms (equal to 5α 2 m e /m p , −3α 2 m e /m p , and −2α 2 m e /m p ) add up exactly to zero and this cancellation must persist to a significant degree when the atoms are bound. The resulting estimate of the total relativistic nonadiabatic/recoil correction is ±0.0000(4) and gives the second largest (after the α 4 term) contribution to the error budget of our calculation. We applied the same scaling procedure to the QED contribution of the order α 3 m e /m p .
The results of Table 4 show that the dissociation energy of H 2 computed by us, amounting to 36118.0695 (10) [20] [21] [22] ) and is totally independent of the results of present calculations. The fact that the experimental value lies rather close to the center of the energy range determined by our error bars may not be accidental. We believe that as a result of the cancellation of terms (complete at the separated atoms limit), the actual value of the α 2 m e /m p contribution is smaller than our estimate and that our estimate of the uncertainty of the α 4 contribution is very conserva- is not satisfactory despite the large experimental uncertainty (25 times larger than for H 2 ).
The observed discrepancy is, however, only 2 σ (experimental). A more precise experiment should be possible now and could shed some light on the reason of this small discrepancy.
To demonstrate better the level of accuracy of our calculations we also computed the energy differences between the ground-state energy of H 2 and energies of the first rotationally and vibrationally excited states. These energies are shown in Table 5 and compared with experimental results. Both theoretical and experimental energies of the J=1 state refer to the center of gravity of the hyperfine structure so we did not have to consider nuclear spin interactions in computing the rotational (ortho-para) energy difference.
In computing small energy differences there is a significant cancellation of errors so the error bars for some contributions are smaller than for the dissociation energy. These error bars were estimated by performing computations with several reasonable approximations to the radial functions [like V (R), D 1 (R), or D 2 (R)] and observing the resulting scatter of energy differences. We assumed that the error of the nonadiabatic contribution is twice as large as the error of the adiabatic contribution -as suggested by the observed ratio of uncertainties for the individual energy levels.
The inspection of the last two rows of Table 5 shows that the theoretical and experimental values of the ortho-para energy gap differ only by 0.00004 cm −1 , which is much less than the error of either theoretical and experimental determinations. This excellent agreement is very gratifying since the ortho-para energy difference was employed in Ref. 16 to obtain the most precise to date experimental value of the dissociation energy.
The results presented in Table 5 show also an excellent agreement (up to seventh significant digit) between the theoretical and experimental vibrational energy difference. The experimental value, which has a very small uncertainty of 0. a This value includes the −0.0002 cm −1 correction for the finite size of the deuteron (the charge radius of 2.14 fm was assumed). The corresponding correction for the H 2 molecule is smaller than 0.0001 cm −1 and can be neglected for our purposes. 
